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(H1) $||x+y||^{p}+||x-y||^{p}\geq|||x||+||y|||^{\mathrm{p}}+|||x||-||y|||^{p}$ $\forall x,$ $y\in L_{p}$ $(1<p\leq 2)$
(H2) $||x+y||^{p}+||x-y||^{\mathrm{p}}\leq|||x||+||y||||x||-||y|||^{p}$ $\forall x,y\in L_{p}$ $(2\leq p<\infty)$
Hanner $q$) $\overline{\underline{\wedge}}\#$ \beta fl&, $1994*\text{ }$ Ball-Carlen-Lieb [1] Hanner
lp . $(L_{p}\text{ }$
.)
Hanner $l_{p}(1<p\leq 2)$ (H1) . $u,$ $v$
(1) $|u+v|^{p}+|u-v|^{p}\geq||u|+|v||^{\mathrm{p}}+||u|-|v||^{p}$
. $|u|=a,$ $|v|=b,$ $v=(b/a)ue^{1\theta},$ $t=\sin\theta$
$|u+v|^{\mathrm{p}}+|u-v|^{p}=|a+be^{*\theta}|^{p}+|a-be^{:\theta}|^{P}=(a^{2}+b^{2}+2abt)^{\mathrm{P}/2}+(a^{2}+b^{2}-2abt)^{p/2}$
, $\phi(t),$ $(|t|\leq 1)$ ,
$\phi(t)\geq\phi(1)=\phi(-1)=|a+b|^{p}+|a-b|^{p}=||u|+|v||u|-|v||^{p}$
.












$g(u, v)=(u^{1/p}+v^{1/\mathrm{p}})^{p}+|u^{1/p}-v^{1/p}|^{p}$ , $(u, v\geq 0)$
. $H(t)=g(t, 1)=(t^{1/p}+1)^{p}+|t^{1/p}-1|^{p}(t\geq 0)$
$H”(t)=\{$
$\mathrm{a}_{\frac{-1}{p}}\{(1-t^{-1/p})^{p-2}-(1+t^{-1/p})^{p-2}\}t^{-1-1/p}$ $(t\geq 1)$
$L^{-\underline{1}}\{p(t^{-1/\mathrm{p}}-1)^{p-2}-(t^{-1/p}+1)^{p-2}\}t^{-1-1/p}$ $(0\leq t\leq 1)$
$H”(t)\geq 0$ . $H(t)$ convex . $0\leq a/c\leq b/d$ $a,$ $b,$ $c,$ $d$
$(a+b)/(c+d)$ $a/c$ $b/d$ $d:c$
$(c+d)H( \frac{a+b}{c+d})\leq cH(\frac{a}{c})+dH(\frac{b}{d})$
, $g$ $\lambda g(u, 1)=g(\lambda u, \lambda),$ $(\lambda\geq 0)$ $H$
$g(a+b, \mathrm{c}+d)\leq g(a{}_{\}}C)+g(b, d)$
. $a_{j}\geq 0,$ $b_{j}\geq 0(j=1,2, \cdots)$
$g( \sum_{j=1}a_{j},$ $\sum_{j=1}b_{j})$
$=$
$g(a_{1}+ \sum_{j=2}a_{j},$ $b_{1}+ \sum_{j=2}b_{j})$
$\leq$
$g(a_{1}, b_{1})+g( \sum_{j=2}a_{\iota},$ $\sum_{j=2}b_{j})\leq\cdots\leq\sum_{j=1}g(a_{j}, b_{j})$
. $a_{j}=|x_{j}|^{p},$ $b_{j}=|y_{j}|^{p}$
$g( \sum a_{j},$ $\sum b_{j})=g(||x^{*}||^{p},$ $||y^{*}||^{p})=(||x||^{*}+||y^{*}||)^{p}+|||x^{*}||-||y^{*}|||^{p}$ ,
$\sum g(a_{j}, b_{j})=\sum(|x_{j}|+|y_{j}|)^{p}+\sum||x_{j}|-|y_{j}||^{p}=||x^{*}+y^{*}||^{p}+||x^{*}-y^{*}||^{p}$
(3) . (2),(3) $||x^{*}||=$ | |, $||y^{*}||=||y||$
(H1) . (H2) .
Ball-Carlen-Lieb $1<p<\infty$ ,
$\alpha(r)=(1+r)^{p-1}+|1-r|^{p-1}\mathrm{s}\mathrm{g}\mathrm{n}(1-r)$
, $x,$ $y$ .
(4) $|x+y|^{P}+|x-y|^{p}= \sup_{\gamma>0}\{\alpha(r)|x|^{p}+\alpha(1/r)|y|^{p}\}$ $(1<p\leq 2)$
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(5) $|x+y|^{p}+|x-y|^{p}= \inf_{r>0}\{\alpha(r)|x|^{p}+\alpha(1/r)|y|^{p}\}$ $(2\leq p<\infty)$
$x=1,0<y\leq 1$ – . $f(r)=\alpha(r)+\alpha(1/r)y^{p}$
$f’(r)=(p-1)\{1-(y/r)^{p}\}\{|1+r|^{p-2}-|1-r|^{p-2}\}$ $1<P\leq 2$ $f(r)$




$(1+y)^{p}+(1-y)^{p}= \sup_{\mathrm{r}>0}f(r),$ (4) $2\leq p<\infty$ $f(r)$
$r=y$ ( ) , (5) . (H1) .






(H1) . (4) . $p=1$







Ball-Carlen-Lieb (4),(5) Hanner Clarkson
.
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Hanner Clarkson . $X$ , $1<p<\infty,$ $1/p+1/q=1$
. .
(i) $1<p\leq 2$ , $X$ Hanner (H1) , Clarkson
$(||x+y||^{q}+||x-y||^{q})^{1/q}\leq 2^{1/q}(||x||^{p}+||y||^{p})^{1/p}$
.
(ii) $2\leq p<\infty$ , $X$ Hanner (H2) , Clarkson
$(||x+y||^{p}+||x-y||^{p})^{1/p}\leq 2^{1/p}(||x||^{q}+||y||^{q})^{1/q}$
.






(ii) Clarkson (i) (5) .
Hanner $L_{p}$ , $\mathbb{C},$ $\mathbb{R}$ .
$W_{p}^{m}$ , ($p=$ $(\mathrm{H}2)$ ), $p$ -Schatten class operator $C_{P}(1\leq P\leq 4/3$
(H1) $)$ , ($p\geq 4$ $(\mathrm{H}2)$ ) . $p=1$ , (H1)
.
$\delta_{L_{\mathrm{p}}}(\epsilon)$ Hanner uni-
form convexity, smoothness . 70
$L_{p}$ optimal 2-uniform convexity inequality Hanner
[4].
Optimal 2-unifrom convexity for $L_{p}$
$\frac{||x+y||^{2}+||x-y||^{2}}{2}\geq||x||^{2}+(p-1)||y||^{2}$ in $L_{p}(1<p\leq 2)$
$\frac{||x+y||^{2}+||x-y||^{2}}{2}\leq||x||^{2}+(p-1)||y||^{2}$ in $L_{p}(2\leq p<\infty)$
Hanner , Hanner $-$
80 . Trubnikov
92
Hanner $X$ $\gamma$-accretive operator $F$ ,
$Fz=0$ – [9]. Ball-Carlen-Lieb
Hanner $C_{\mathrm{P}}$ ,Hanner
– (H1) (H2) .
$L_{p}$ 2 Hanner .
Hanner
$X$ , $X^{*}$ . $1<P\leq 2,1/p+1/q=1$
$||x+y||^{p}+||x-y||^{p}\geq|||x||+||y|||^{\mathrm{p}}+|||x||-||y|||^{p}$ $\forall x,$ $y\in X$
$\Leftrightarrow$
$||x^{*}+y^{*}||^{q}+||x^{*}-y^{*}||^{q}\leq|||x^{*}||+||y^{*}|||^{q}+|||x^{*}||-||y^{*}|||^{q}$ $\forall x^{*},$ $y^{*}\in X^{*}$
Takahashi, Kato , – Hanner ,
[10]. [12] [13]
.
1. $X$ $1<p,$ $s,$ $t<\infty$ . .
(i) $Xl\mathrm{h}2$-uniformly convex.
(ii) $\gamma>0$ , Hanner
$||x+y||^{p}+||x-y||^{p}\geq|||x||+||\gamma y||||x||-||\gamma y|||^{p}$
$X$ .
(iii) $\gamma>0$ , Hanner
$( \frac{||x+y||^{s}+||x-y||^{s}}{2})^{1/s}\geq(\frac{|||x||+||\gamma y|||t +|||x||-||\gamma y|||^{t}}{2})^{1/t}$
$X$ .
2. $X$ $1<p,$ $s,$ $t<\infty$ . .
(i) $X\#\mathrm{h}2$-uniformly smooth.




(iii) $\gamma>0$ , Hanner
$( \frac{||x+y||^{s}+||x-y||^{s}}{2})^{1/s}\leq(\frac{|||x||+||\gamma y|||t +|||x||-||\gamma y|||^{t}}{2})^{1/t}$
$X$ .
l (iii) \mbox{\boldmath $\gamma$} (0<\mbox{\boldmath $\gamma$}\leq 1) Hanner (ii) –
$L_{p}(1<p\leq 2)$ $\gamma$ .
$\gamma=\min\{1,$ $\sqrt{(p-1)/(t-1)},$ $\sqrt{(s-1)/(t-1)}\}$ $(1<p\leq 2)$ .
2(iii) $\gamma\geq 1$ .
$\gamma=\max\{1,$ $\sqrt{(p-1)/(t-1)},$ $\sqrt{(s-1)/(t-1)}\}$ $(2\leq p<\infty)$ .
$L_{p}$ optimal 2-uniform convexity . Ball-Carlen-
Lieb – $X$ $x*$ Hanner
. Hanner
Hanner $q$-uniform convexity, $\gamma \mathrm{u}\mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}$ smoothness
.
3. $X$ $2\leq q<\infty,$ $1\leq t\leq q$ . .
(i) $X$ Ig $q$-uniformly convex.
(ii) $\gamma>0$ , Hanner
$(||x+y||^{q}+||\gamma(x-y)||^{q})^{1/q}\leq(|||x||+||y||||x||-||y|||^{t})^{1/\iota}$
$X$ .
4. $X$ , $1<p\leq 2,$ $p\leq s\leq\infty$ . .
(i) $X$ p–uniformly smooth .
(ii) $\gamma>0$ , Hanner
$(||x+y||^{p}+||\gamma(x-y)||^{p})^{1/p}\geq(|||x||+||y|||^{\epsilon}+|||x||-||y|||^{s})^{1/\theta}$
$X$ .
Hanner $n$ 1995-1996 Kigami,Okazaki,Takahashi
, $L_{p}$ $\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}2$ , cotype2 .
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$L_{p}\text{ }$ Hanner xl, $\cdot$ . . , xn\in Lp .
(i) $\mathrm{E}||\sum_{j=1}^{n}\epsilon_{j}x_{j}||^{p}\geq \mathrm{E}|\sum_{j=1}^{n}\epsilon_{j}||x_{j}|||^{p}$ $(1 <p\leq 2)$
(ii) $\mathrm{E}||\sum_{j=1}^{n}\epsilon_{j^{X}j}||^{p}\leq \mathrm{E}|\sum_{j=1}^{n}\epsilon_{j}||x_{j}|||^{p}$ $(2\leq p<\infty)$
$\{\epsilon_{j}\}$ $\epsilon_{j}=\pm 1$ 1/2 Rademacher , $\mathrm{E}$ .
1,2 Hanner , 2 Hanner
.
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